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Local elastic strain may significantly alter oxygen ordering in superconducting cuprates due to the change in
bond lengths and crystal symmetry, thus altering their superconducting properties. To explore this phenom-
enon, the Bragg-Willams and Bethe order-disorder theories were used in this study. We demonstrate that
oxygen ordering may exist in locally strained regions at any finite temperature and that applied stresses change
the overall order-disorder transition temperature. The states of order in oxygen-ordering domains near an edge
dislocation and a twin tip in YBa2Cu3O6+x were calculated in both the low-temperature orthorhombic and
high-temperature tetragonal. In the orthorhombic phase, both deviatoric and hydrostatic components of stress
alter the degree of oxygen ordering at a given temperature and alter the superconducting transition temperature.
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I. INTRODUCTION

The order-disorder phase transition has been studied for
decades,1–8 mostly in the case of simple alloys such as
Cu-Au and Cu-Zn alloy. Recently, studies of cuprate oxides
have revealed that the atomic and electronic structural prop-
erties of these compounds, including atomic, spin, and or-
bital orderings,9–15 are closely related to order-disorder phase
transitions, which it is well known that oxygen ordering in
the Cu-O plane of the high-temperature superconductor
YBa2Cu3O6+x �YBCO� alters its superconducting transition
temperature11–13 and the interplay between atomic ordering,
charge, and orbital ordering in colossally magnetoresistive
manganites changes their magnetic and resistive
properties.10,14,15

In general, the theoretical tools used to study the order-
disorder phase transition in oxides are still classical ones.
For example, the mean-field approximation,16

quasi-chemical-17,18 and cluster variation19 methods have
been applied to oxygen ordering in YBCO. However, in
these studies, except for the ordered atoms, atoms were as-
sumed not to depart from their equilibrium positions, i.e.,

structural relaxation and elastic strain effects were not in-
cluded. Therefore, these studies only considered the effects
of temperature on the equilibrium locations of oxygen atoms
in Cu-O planes and their effects on crystal symmetry. Figures
1�a�–1�c� illustrate this transition of oxygen filling of sites in
the available sites in the Cu-O plane in YBCO, where A
denotes an oxygen atom, B a vacancy, and C a copper atom.
The C atoms are fixed at their equilibrium positions, while
the A and B atoms can move between the � and � sites.

In the real situation, crystals are not ideal and homoge-
neous in their structure and thus the averaged crystal sym-
metry is often broken locally when atoms in the non-Cu-O
planes in YBCO deviate from their equilibrium sites due to
local stresses, crystal defects, and so on, as shown in Fig.
1�d�. Then, the � and � sites of the Cu-O planes are not
equivalent, so the order-disorder phase transition will change
compared to its behavior in ideal homogeneous crystals.

The Bragg-Williams approximation is a common method
employed to study the order-disorder phase transition in
crystals because it yields simple formulae for free energy,
degree of order, and temperature. The theory of Bethe, which
is equivalent to the quasi-chemical-method, not only gener-

FIG. 1. �Color online� A schematic of a two-
dimensional lattice changing from square to rect-
angle. �a� The original square lattice. ��b� and �c��
The rectangle lattice when A atoms occupy regu-
larly on � sites and � sites, respectively �or vice
versa for B atoms�. �d� The original square lattice
is strained. Unless otherwise noted, A usually re-
fers to an oxygen ion, B to a vacant site, and C to
a copper ion.
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ates a more exact result than the Bragg-Williams approxima-
tion, because it takes into account short-range as well as
long-range order, and also its theoretical derivation is easier
to understand. In this study we used both the Bragg-Williams
and Bethe theories to study the local strain-induced change
of the state of oxygen ordering at thermodynamic equilib-
rium in YBCO cuprates containing nonhomogeneous elastic
strain fields, arising for example from dislocations or twin-
boundary tips. We then compare the results of the two theo-
ries and use them to explain some experimental observations.

II. THERMODYNAMIC THEORY

Easthope3 first introduced the factors � and � to account
for the a priori probabilities of A and B atoms, respectively,
occupying � and � sites. Because in his treatment these
probabilities were equal, he could use one factor � for the A
atom, and one factor � for the B atom. In simple binary
alloys, this approach is always correct. Thus, looking at Figs.
1�a� and 1�d�, if C atoms do not exist, the probabilities of A
atoms occupying � and � sites are the same, as they are for
B atoms. But if C atoms exist and deviate from their equi-
librium position Fig. 1�d�, the probabilities of A atoms occu-
pying � and � sites differ. Therefore, we introduce the fac-
tors �A� and �A� to account for the a priori probabilities of A
atoms occupying � and � sites, and �B� and �B� to B atoms.
�In this study, A �see Fig. 1� will usually denote oxygen ions
and B will denote vacant sites, unless noted otherwise, while
C denotes Cu ions.�

According to the usual thermodynamic practice, �A�

�exp�− vA�

kBT �, where vA� is the energy change resulting when
an A atom is placed on an � site, i.e., the “formation” energy
of an A atom on an � site; �A�, �B�, and �B� have a similar
relationship with vA�, vB�, and vB�. In the presence of an
elastic strain field the interatomic separations of the neigh-
boring atoms to the site where a particular oxygen atom is to
be inserted are different from their values in strain-free crys-
tals, and thus the single-site formation energies are depen-
dent upon the state of elastic strain. In Secs. II A and II B,
we use Bragg-Williams theory and Bethe’s theory to discuss
the equilibrium degree of order in the presence of an elastic
strain field.

A. Bragg-Williams theory

According to Bragg-Williams theory, when the internal
energy of the system of ions and lattice sites consists of
pairwise interactions and site specific potential energies, the
energy of a microstate is given by

W = �
i

�QAA
�i� vAA

�i� + QBB
�i� vBB

�i� + QAB
�i� vAB

�i� �

+ �xA�vA� + xA�vA� + xB�vB� + xB�vB�� , �1�

where QAA
�i� , QBB

�i� , and QAB
�i� are the number of AA, BB, and AB

pairs, and vAA
�i� , vBB

�i� , and vAB
�i� are the respective pairwise in-

teraction energies. The terms in the last parentheses are the
single-site formation energies defined in the previous section.
The superscript “�i�” represents the ith near neighbors. For

example, QAA
�1� is the number of AA nearest pairs; QAA

�2� is that
of AA next-nearest pairs. xA�, xA�, xB�, and xB� are the num-
ber of A atoms on � and � sites, and B atoms on � and �
sites, respectively.

Bethe and Kirkwood’s method2,4 is used to define a long-
range order parameter, S, which quantifies the degree of
long-range order as follows:

S =
xA� − xA�

N
=

xB� − xB�

N
. �2�

Note that the degree of long-range order is a single-site �not
pair� probability and will be affected directly by elastic strain
fields through the strain dependence of the single-site forma-
tion energies �A�, etc.

From xA�+xA�=2cN, xB�+xB�=2�1−c�N �N is the num-
ber of A atoms or B atoms, and c is the concentration of A
atoms�, we get

xA� =
N

2
�2c + S� , �3a�

xA� =
N

2
�2c − S� , �3b�

xB� =
N

2
�2�1 − c� − S� , �3c�

xB� =
N

2
�2�1 − c� + S� . �3d�

Considering only the interaction of nearest-neighbor and
next-nearest-neighbor A and B atoms, the ensemble average
of the interaction energy of the nearest neighbor and next-
nearest neighbor of AA, BB, and AB pairs obtained using the
Bragg-Williams �mean-field� approximation are given by

�WAA
�1�� = �QAA

�1��vAA
�1� =

1

4
Nz�4c2 − S2�vAA

�1� , �4a�

�WBB
�1�� = �QBB

�1��vBB
�1� =

1

4
Nz�4�1 − c�2 − S2�vBB

�1� , �4b�

�WAB
�1�� = �QAB

�1��vAB
�1� =

1

2
Nz�4c�1 − c� + S2�vAB

�1� , �4c�

�WAA
�2�� = �QAA

�2��vAA
�2� =

1

8
Nz�4c2 + S2�vAA

�2� , �4d�

�WBB
�2�� = �QBB

�2��vBB
�2� =

1

8
Nz�4�1 − c�2 + S2�vBB

�2� , �4e�

�WAB
�2�� = �QAB

�2��vAB
�2� =

1

4
Nz�4c�1 − c� − S2�vAB

�2� , �4f�

where vAA
�2� includes the interaction energy of an AA atomic

pair across a middle atom and that without a middle atom.
vBB

�2� and vAB
�2� are similar. Substituting Eqs. �3� and �4� into Eq.
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�1�, the average energy of the microstate in the Bragg Will-
iams approximation is

�W� = W0 +
1

2
NzS2v1 +

1

2
NSv2, �5�

where

W0 =
Nz

2
�c2�2vAA

�1� + vAA
�2�� + �1 − c�2�2vBB

�1� + vBB
�2�� + 2c�1 − c�

��2vAB
�1� + vAB

�2��� + N�c�vA� + vA�� + �1 − c��vB� + vB��� ,

v1 = �vAB
�1� −

1

2
�vAA

�1� + vBB
�1��	 −

1

2
�vAB

�2� −
1

2
�vAA

�2� + vBB
�2��	 ,

and

v2 = �vA� − vA�� + �vB� − vB�� .

z is the coordination number of the � or � sites. Usually, the
order transition between the A and B atoms occurs regularly
with a decrease in temperature if v1	0, where v2 is the
energy difference of A and B atoms occupying � or � sites.
It can predict which ones are the preferential occupancy sites
for the A and B atoms, viz. � or �. The existence of a non-
hydrostatic elastic field will break the degeneracy of the site
energy of the � and � sublattices in the tetragonal phase of
YBCO and cause a preferential occupancy of one sublattice
at the expense of the other.

According to the fundamental formula of thermodynamics
for the Helmholtz free energy, F, of the system, and assum-
ing a random occupancy of the sites within a given sublat-
tice, i.e., no pair correlations, we obtain

F�S� − F�0� =
N

2
kT
�2c + S�ln�2c + S� + �2c − S�ln�2c − S�

+ �2�1 − c� + S�ln�2�1 − c� + S� + �2�1 − c�

− S�ln�2�1 − c� − S�� +
N

2
zv1S2 +

N

2
v2S . �6�

The equilibrium value of S is obtained by minimizing the
free energy, F�S�. Thus, the condition �F�S�

�S =0 gives

ln
�2c − S��2�1 − c� − S�
�2c + S��2�1 − c� + S�

=
2zv1S + v2

kT
. �7�

By calculating a value of �2 as a function of the components
of the elastic field tensor, inserting in Eq. �7� together with a
value of the temperature T and solving for S will yield in the
Bragg-Williams �mean-field� approximation, then will yield
up to three real roots for the equilibrium value of S. In the
most general case, one root will be a stable equilibrium
point, one will be an unstable equilibrium, and one will be a
metastable equilibrium point. When �1 is negative and �2 is
zero, there will exist a critical value of the temperature, Tc,
below which there will be three real roots for S at each
temperature �the long-range ordered state for which the ab-
solute value of S is nonzero, a pair of degenerate values, one
positive and one negative, which characterize a state of
stable equilibrium long-range order, and one root with S=0
which corresponds to unstable equilibrium�. This is illus-
trated in Fig. 2�b�. For temperatures above Tc, there will be
one real root at S=0, which corresponds to the oxygen-
disordered tetragonal state of YBCO.

When a nonhydrostatic elastic strain gives rise to a non-
zero value of �2, the degeneracy of the two ordered states is
broken, one of the sublattices becomes energetically favored,
and if the strain energy is not too large, the nonhydrostatic
strain will form spontaneously. �This is just what happens for
volumetric strains in the simplest models of the compressible
Ising model of ferromagnetism.� This state corresponds to
the orthorhombic state of YBCO.

At temperatures above Tc, the presence of the same non-
hydrostatic strain will require an externally applied stress or
the presence of an internal strain �intrinsically nonhomoge-
neous� caused by the presence structural defects such as dis-
locations. The effect of such a strain is to cause state of
nonzero long-range order at equilibrium at temperatures
where the long-range order parameter is zero in a strain-free
system, illustrated in Fig. 3. This is effect is precisely analo-
gous to the effect of a magnetic field on the magnetic mo-
ment of a paramagnetic materials. We can thus say that the
elastic Bragg-Williams model of oxygen-order/disorder in
YBCO exhibits paraelastic long-range order.

B. Bethe’s theory

The mean-field Bragg-Williams method outlined above
has the deficiency that it neglects the effects of short-range
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FIG. 2. �Color online� The free
energy as function of long-range
order parameter S according to the
Bragg-Williams approximation
�Eq. �6�� at various �a� tempera-
tures T and �b� v2, using the con-
centration c=0.5 for A atom with
the coordination number z=4.
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order, as characterized by the correlations in the type of spe-
cies occupying various kinds of pairs of sites. In this study
we considered two types of site pairs: those without and with
a Cu atom between them, denoted by superscripts 1 and 2,
respectively. We also will utilize the method proposed by
Bethe2 as implemented by Easthope3 to minimize the Helm-
holtz free energy with respect to the pair occupation prob-
abilities.

In this section, we follow Easthope’s method3 to study the
relationship of the degree of order with temperature. When
the central site is an � site, and is occupied by an A �oxygen�
atom while n atoms in the nearest-neighbor shell are also A
atoms, then the partition function for this configuration is

fA�
n = �A��A�

n �B�
z−n�z

n
e−nvAA

�1�/kTe−�z−n�vAB
�1�/kT
�n. �8a�

When the central site is occupied by a B atom �vacancy�, it is

fB�
n = �A�

n �B�
z−n�B��z

n
e−nvAB

�1�/kTe−�z−n�vBB
�1�/kT
�n. �8b�

The complete partition function for an � site corresponding
to central atoms A or B is given by fA�+ fB�, where

fA� = �
n

fA�
n = �A���A�e−vAA

�1�/kT
� + �B�e−vAB
�1�/kT�z, �9a�

fB� = �
n

fB�
n = �B���A�e−vAB

�1�/kT
� + �B�e−vBB
�1�/kT�z. �9b�

Similar expressions can be obtained for a central � site

fA� = �
n

fA�
n = �A���A�e−vAA

�1�/kT + �B�e−vAB
�1�/kT���z,

�10a�

fB� = �
n

fB�
n = �B���A�e−vAB

�1�/kT + �B�e−vBB
�1�/kT���z,

�10b�

where 
� and �� were introduced by Easthope3 to describe
the case where the first shell consists of � sites, and one
where it consists of � sites, respectively. We define x

=ev1/kT=e−�vAA
�1�+vBB

�1�−2vAB
�1��/2kT �the interaction of nearest neigh-

bors only is considered, because the precision in calculation
is only slight improved when the interaction of next-nearest

neighbor is considered2�; �=e−�vAA
�1�−vBB

�1��/2kT; 
=
�A�

�B�
�
�, and

�=
�B�

�A����, then we can rewrite Eqs. �9� and �10� as follows:

fA� = �A��
x + 1�z�B�
z e−zvAB

�1�/kT, �11a�

fB� = �B��
 + x�z��B�

�
z

e−zvAB
�1�/kT, �11b�

fA� = �A��x + ��z���A��ze−zvAB
�1�/kT, �11c�

fB� = �B��1 + �x�z�A�
z e−zvAB

�1�/kT. �11d�

The fraction of A and B atoms occupying an � or � site can
be calculated, respectively, by

cA� =
fA�

fA� + fB�

, �12a�

cA� =
fA�

fA� + fB�

, �12b�

cB� =
fB�

fA� + fB�

, �12c�

cB� =
fB�

fA� + fB�

. �12d�

The fraction of A atoms on � sites regarded as central sites
occupied by A atoms should be equal to the fraction of A
atoms in the first shell sites surrounding any � site;

cA� =
1

z

�
n

z

n�fA�
n + fB�

n �

fA� + fB�

=



z

� ln�fA� + fB��
�


=

x

1 + 
x
cA� +





 + x
cB�. �13a�

Similarly, by considering the fraction of B atoms occupying
the � sites, we have

FIG. 3. �Color� The relationship between temperature and order
parameter with c=0.5 and z=4. Green lines are Bragg-Williams
approximation; red lines are Bethe approximation. Dotted lines are
v2=0; solid lines are v2=v1 /2.
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cB� =
1

z

�
n

z

n�fA�
n + fB�

n �

fA� + fB�

=
�

z

� ln�fA� + fB��
��

=
�x

1 + �x
cB� +

�

� + x
cA�. �13b�

If c is the concentration of the A atoms, then, according to
the definition of the degree of order in Eq. �2�, we have

cA� =
1

2
�S + 2c� , �14a�

cA� =
1

2
�2c − S� , �14b�

cB� = 1 −
1

2
�2c − S� , �14c�

cB� = 1 −
1

2
�S + 2c� . �14d�

Substituting Eq. �14� into Eq. �13� leads to

1

2
�2c − S� =

1

2


x

1 + 
x
�S + 2c� +





 + x
�1 −

1

2
�S + 2c�	 ,

�15a�

1 −
1

2
�S + 2c� =

�x

1 + �x
�1 −

1

2
�2c − S�	 +

1

2

�

� + x
�2c − S� .

�15b�

The values of 
 and � can be determined as function of S
from Eq. �15�. We also can obtain from expressions
cB� /cA�= fB� / fA� and cA� /cB�= fA� / fB�

�2c − S��1 −
1

2
�2c + S�	

�2c + S��1 −
1

2
�2c − S�	 =

�A��B�

�A��B�

�
 + x�z�� + x�z

�
x + 1�z��x + 1�z .

�16�

The difference between Eq. �16� and Easthope’s result is the
appearance of the term

�A��B�

�A��B�
in the right side of Eq. �16�.

Because �A�, �A�, �B�, and �B� have �A��e−vA�/kT, �A�

�e−vA�/kT, �B��e−vB�/kT, and �B��e−vB�/kT, we get

�A��B�

�A��B�

= e��vA�−vA��+�vB�−vB���/kT = ev2/kT. �17�

Combining Eqs. �15a�, �15b�, �16�, and �17�, we can obtain
the degree of long-range order S as a function of x, which
also is a function of temperature.

III. RESULTS AND DISCUSSION OF THE CALCULATION
OF LONG-RANGE ORDER IN INTERNALLY

STRAINED YBCO

Using above formulae, we can calculate the relationship
between free energy, order parameter, and temperature.
Equation �6� is similar to the mean-field theory of magnetic
phase transitions within an external magnetic field when the
latter is replaced by v2 �Ref. 20�, where �2 is defined follow-
ing Eq. �5�, and has a nonzero value in the presence of a
nonhydrostatic elastic strain. The symmetry of free energy
F�S�=F�−S� is broken due to v2’s existence �Fig. 2�. The
minimum point of free energy is not at S=0, even at high
temperature �Fig. 2�a��. This means that the long-range order
does not vanish at any finite temperature. At temperatures
below the order-disorder phase transition, there is only one
stable order state, and the other becomes metastable �Fig.
2�b��. Figure 3, illustrating the relationship between tempera-
ture and the degree of long-range order, S, in the stable state,
indicates clearly that S does not disappear at finite tempera-
ture when v2 is not zero. From Figs. 2 and 3, we see that
there are two main differences from the usual strain-free
order-disorder theory when the a priori probabilities of at-
oms occupying ordering sites are different, i.e., v2 is not
zero: �1� the formation probability, Figs. 1�b� and 1�c�, dif-
fers and �2� long-range order may exist at high temperature.

The oxygen disorder-order transition in the Cu-O plane of
YBa2Cu3O6+x is accompanied by a change in lattice structure
from tetragonal to orthorhombic caused by the spontaneous
formation of a nonhydrostatic strain during cooling, even in
the absence of applied stress or internal stress from defects.
This transition can produce two equivalent variants �Figs.
1�b� and 1�c�� connected by �110� twinning. In the ortho-
rhombic phase, the b lattice elongates and the a lattice con-
tracts compared with the tetragonal phase. The ordering pro-
cess is such that most oxygen atoms in Cu-O plane are
localized to �0 1

20� sites along the b axis. If stress fields cause
the elongation of lattice of the tetragonal phase along the y
axis �the �010� direction� and contraction along the x axis
�the �100� direction�, the formation energy of oxygen atoms
occupying � sites will different from that for the � sites,
therefore, the probability of oxygen atoms occupying these
sites will be different too �Fig. 1�d��. In that situation, oxy-
gen atoms will preferentially occupy � site along the y axis
�Fig. 1�b��; conversely, oxygen atoms will advantageously
occupy � site along the x axis �Fig. 1�c��.

The theory of thermochemical equilibrium of solid under
stress was discussed extensively by Larché and Cahn.21 Their
theory indicates that the action of stress will change the
chemical potential of an interstitial atom in an elastically
strained matrix. Utilizing this theory, an expression for the
stress dependence of the parameter v2, introduced in Sec. II
above, can be obtained under stress. It is

v2 = −
�
ij

c

�cA�

ij −
�
ij

c

�cA�

ij , �18�

where 
ij
c is the strain due to a change in oxygen concentra-

tion occupying � and � sites; ij is the net stress arising from
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external sources and from defects in the lattice. Combining
Eqs. �14a�, �14b�, and �18�, we have

v2 = − 2� �
xx
c

�S
xx −

�
yy
c

�S
yy . �19�

Next, we apply our theory to discuss the change in the
degree of oxygen order in the stress field around a disloca-
tion, near a twin tip, and to explain some experimental phe-
nomena. Let us now consider the effect on the degree of
order of the presence of an edge dislocation in YBa2Cu3O6+x,
with a Burgers vector b= �010� and a dislocation line in the
�100� plane.22 The dislocation produces stress components
xx and yy �Ref. 23�,

xx =
K1bx�x2 − �2y2�

2��x4 − 2�x2y2 + �4y4�
, �20a�

yy =
K2bx�x2 + ��2 − 2��y2�
2��x4 − 2�x2y2 + �4y4�

, �20b�

where �2=−� c11

c22
, 2�=

c12
2 +2c66c12−c11c22

c66c22
, K1=

s33

�s11s33−s31
2 ��2��2−��

,

and K2=
K1

�2 . c11 and s11, etc. are respectively stiffness and
compliance coefficients.

Using the lattice parameters for YBa2Cu3O7 obtained in
Ref. 24, a=3.822 Å, b=3.891 Å, c=11.677 Å, and at

� a+b
2 =3.856 Å, and assuming the degree of order is perfect,

i.e., S=1, when theses values of the lattice parameters of the
orthorhombic phase in Ref. 24 are used, we have

�
xx
c

�S
= − 0.009,

�
yy
c

�S
= 0.009,

and unit-cell volume

V = 173 Å3.

The elastic constants of the orthorhombic phase are c11
=231 GPa, c22=268, c33=186, c44=49, c55=37, c66=95,
c12=132, c13=71, and c23=95 from Ref. 25. The elastic con-
stants of the tetragonal phase used in our calculation are
approximated as c11=c22= 1

2 �231+268��250 GPa, c12=c13
=83, c44=c55=37, and others the same as those of the ortho-
rhombic phase. v2 can be calculated from Eqs. �19� and �20�.
Using the oxygen interaction data given by Semenovskaya
and Khachaturyan,26 we obtain v1=−638�10−23 J and an
ordering temperature of 924 K when v2 is zero. Figure 4
shows our calculated results for the long-range order param-
eter S in the vicinity of the edge dislocation. In this calcula-
tion we have ignored the presence of gradient terms in the
free energy of order disorder, such as those in the Cahn-
Hilliard theory of nonhomogeneous order.21 The figure
shows the degree of long-range order in the lattice around an
edge dislocation with Burgers vector b= �010� with oxygen
concentration x=1 at temperature, 1000 K, which is above
the stress-free critical ordering temperature, thus the degree
of long-range order far from the dislocation is zero. The

orientation of oxygen ordering reverses on opposite sides of
the dislocation glide plane, i.e., if oxygen atoms on one side
of the glide plane preferentially occupy � sites �Fig. 1�b��,
then on the other side oxygen prefers � sites �Fig. 1�c��. The
spatially inhomogeneous enhancement of long-range order
means that upon cooling from the disordered tetragonal
phase, nuclei of orthorhombic phase are producing first near
the dislocation. When the perfect lattice dislocation with

Burgers vector �010� dissociates �010�→ 1
2 �1̄10�+ 1

2 �110�, the

dislocations with Burgers vectors 1
2 �1̄10� and 1

2 �110� may
then become twinning dislocations in the orthorhombic
phase of YBa2Cu3O6+x �Ref. 27�. Zhu et al.’s experiment28

confirmed that the two kinds of twinning dislocations 1
2 �1̄10�

and 1
2 �110� frequently are encountered within one crystal

grain in YBa2Cu3O6+x.
The shape of a lenticular twin in orthorhombic YBCO can

be quantitatively described as a simple geometrical corollary
by using a dislocation model based on the mechanical equi-
librium distribution of twinning dislocations in a double
pile-up.28–30 At the twin tip, the dislocation density and the
thickness functions are30

��x� =
4M�1 − ��

�b�L

x
�L2 − x2

, �21�

y�x� =
4dM�1 − ��

�b�L
�L2 − x2, �22�

where M is a constant; � and � are the shear modulus and
Poisson’s ratio, respectively; b is the magnitude of the dislo-
cation Burgers vector, d is the interplanar distance of the
glide planes of twinning dislocations, and L is the length of
the twin tip. The total stress ij

tot on the region of the twin tip
can be calculated by a line integral:

FIG. 4. �Color� The change of oxygen ordering degree around
an edge dislocation or b= �010� with �=1 and T=1000 K. It is
more than normal critical Tc=924 K.
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ij
tot = �

0

L

��x��ij�r − r���1 + �dy�x��
dx�

2

dx�. �23�

An approximation of elastic isotropy is assumed in this cal-
culation. ij�r−r�� is the stress of a dislocation at position
r�, and explicit expressions are given by Hirth and Lothe.29

Using M =5.01�104 N /m3/2, L=3400 Å,30 �=c66
=95 GPa, �=0.314,25 Burgers vector b of edge twinning
dislocation as b= �b−a��110�,27,28 i.e., �b�=0.098 Å, and d
=d110=2.726 Å, the stress components near the twin tip are
calculated numerically with Eqs. �21�–�23�. Because the ori-
entation of the Burgers vector of a twinning dislocation is
�110�, a coordinate conversion should be done when we cal-
culate �2 using Eq. �19�. Finally, the degree of the oxygen
ordering in the region of the twin tip is obtained from Eq.
�7�. Figure 5 is the calculated result and shows the change of
oxygen ordering in the region of the twin tip.

The theories of order-disorder phase transition indicate
that the degree of long-range order depends significantly on
the temperature and rapidly reaches its limit with the de-
crease in temperature below the critical temperature Tc. A
small change in the value of v2 in our theory will bring on a
drastic change in the degree of order degree Tc. Figures 4
and 5 demonstrate this change, suggesting the large effect of
crystal defects on oxygen ordering, especially when tempera-
ture is near Tc. YBa2Cu3O6+x often exhibits regions of struc-
tural inhomogeneity.31–34 These inhomogeneities may come
from the local change in oxygen concentration and the de-
gree of oxygen ordering, as well as the presence of different
phases related to oxygen ordering. The vapor pressure of
oxygen in the environment of a crystal determines the chemi-
cal potential of oxygen and consequently determines the
equilibrium oxygen concentration in YBa2Cu3O6+x.

18,35,36

The oxygen-ordering phases,16,19 such as OI �x=1�, OII �x
=0.5�, OIII �x=0.67�, etc., in YBa2Cu3O6+x, are controlled

by the local oxygen concentration. Johnson et al.’s
experiments34 prove these ordering phases yield structural
inhomogeneities and break the twin symmetry. Our study
indicates that the local strain due to crystal defects also can
cause structural inhomogeneities. Sarikaya and Stern’s
experiment31 found the structural variations in region of twin
tip. A possible explanation is the action of twinning disloca-
tion.

Applied stresses might also change the transition tempera-
ture of superconductivity in YBa2Cu3O6+x and similar
materials.37–49 The effects of applied stress on single crystals
or textured polycrystals will be anisotropic. The transition
temperature of superconductivity increases with increased
pressure along the b and c axes, but decreases with pressure
along the a axis, as supported by some theoretical
calculations.50–53 The microscopic origin of the resulting ac-
tion usually is considered as pressure-induced charge rear-
rangements in the CuO2 plane.50–56 The stress-induced
change in the a and b axes would affect the degree of oxygen
ordering of the orthorhombic structure;40 for example, the b
axis is shortened with more oxygen ordering in the ortho-
rhombic YBa2Cu3O6.41.

57 High-resolution thermal expansion
measurements revealed that a glasslike transition occurs in
YBa2Cu3O6.95 related to oxygen ordering near room
temperature,58 and this glasslike transition reflects the con-
traction of the b and c axes, and the expansion of the a axis.
These experimental and theoretical results signify that the
contraction of the b axis of the orthorhombic phase increases
the degree of oxygen ordering near room temperature, with
the inverse result for the a axis. We believe that the origin of
these ordering processes with b-axis compression and the
glasslike transition is associated with the a priori probability
of oxygen-occupied � or � sites in the Cu-O plane because
of the inequivalence of the � and � sites in the orthorhombic
structure, i.e., v2�0. Therefore, the change of oxygen order-
ing from the pressure-induced or glasslike transition in the

FIG. 5. �Color� The change of
oxygen ordering degree near twin
tip at temperature 910 K.
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orthorhombic phase can be considered as the transition from
the A point on the solid line to the C point on the dash line,
or from the B point on the solid line to the D point on the
dash-dotted one in Fig. 2�b�. This transition is from one

orthorhombic structure to another, where the change in the
degree of oxygen ordering is subtle, but the change in free
energy is evident. The free energy of this transition can be
written as

F�S� =�
N

2
kT
�2c + S1�ln�2c + S1� + �2c − S1�ln�2c − S1� + �2�1 − c� + S1�ln�2�1 − c� + S1� + �2�1 − c� − S1�ln�2�1 − c� − S1��

+
N

2
zv1S1

2 for T � Tc�

N

2
kT
�2c + S2�ln�2c + S2� + �2c − S2�ln�2c − S2� + �2�1 − c� + S2�ln�2�1 − c� + S2� + �2�1 − c� − S2�ln�2�1 − c� − S2��

+
N

2
zv1S2

2 +
N

2
v2S2 for T 	 Tc�,

�
where Tc� is the temperature of the phase transition, and S1
and S2 are the long-range order parameters before and after
the transition. After this transition, the oxygen atoms in the
CuO plane are more likely to occupy the b axis, and the
degree of oxygen ordering will be larger than before.

Epitaxial films often exhibit strain due to lattice mismatch
between the film and the substrate, yielding differences in
structure and properties, as reported for YBa2Cu3O6+x films
with various substrates.59,60 This may well be explained by
the associated lattice mismatch strain-induced oxygen order-
ing as discussed above.

IV. CONCLUSIONS

The changes in lattice symmetry and interatomic bond
lengths of an oxide due to stress or crystalline defects can be
accompanied by a change in the symmetry of the occupied
sites of ordering atoms. Accordingly, the thermodynamics of
the order-disorder transition in superconducting perovskites
will be altered. Modifications of the order-disorder theories
of Bragg-Williams and Bethe to include the effects of inter-
nal elastic strain caused by defects or applied stresses show

that this change will establish long-range order at any finite
temperature and will change the state of order below the
transition temperature compared to that of a strain-free crys-
tal. Applying these modified theories of the thermodynamics
to YBa2Cu3O6+x, the oxygen-ordering domains near an edge
dislocation in crystal of YBa2Cu3O6+x were calculated for
temperatures above that of the strain-free and the tetragonal-
to-orthorhombic transformations; the stress-induced oxygen-
ordering domains formed in the tetragonal phase may be the
nuclei of the orthorhombic phase when this phase transfor-
mation is triggered by a decrease in temperature. The twin-
ning dislocations in a twin tip can result in structural inho-
mogeneity. In the orthorhombic phase, the effect of stress in
different directions or charge rearrangements in the CuO2
plane modifies the oxygen ordering process, thus changing
the superconducting transition temperature.
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